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Waiting in Line
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Source: TaskRabbit website

Ultimate goal: Minimize Delay



Understanding Delay
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Single-Server Queue

✓ Well understood 
Distribution of  is knownq

Multiple queues with correlated arrivals and services Networks of queues

Distribution of ?q

Mean: ?E[q] Variance: ?Var[q]

Tail prob: ?P(∑ qj > x)

How about ?∑ qj

✓ Jackson networks: 
Distribution is product form

This talk



Heavy Traffic: 
Load system to max capacity


 Arrival rate  Service rate⟺ ≈

Kingman (1962); Harrison (1998)

Williams (1998, 2000)

Harrison and López (1999)

Stolyar (2004)

Gamarnik and Zeevi (2006)

Eryilmaz and Srikant (2012)

HL, Maguluri (2020, 2021)

HL et.al. (2022)

…

In the literature…
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Asymptotic Regimes

Large Deviations: 
(a.k.a. rare events)

lim
x→∞

P(wait > x)

Ganesh (2004). Big Queues.

Glynn and Whitt (1994)

Puhalskii (1995)

Duffield and O’Connell (1995)

Dupuis and Ellis (1995)

…

Mean Field: 
(a.k.a. many servers)


# servers → ∞

Vvedenskaya et.al. (1996)

Mitzenmacher (1996, 2001)

Stolyar (2017)

Ying (2017)

Mukkerjee et.al. (2018)

…

Many-Server Heavy-Traffic: 
# servers 


& Arrival rate  Service rate
→ ∞

≈
Banerjee et.al. (2019, 2020)

Liu and Ying (2019)

Braverman (2020)

Varma et.al. (2022)

HL, Maguluri (2022)

Jhunjhunwala, HL, Maguluri (2023)

…

But all these assume constant arrival and service rates



Beyond fixed parameters
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Working vacations

Service rate:Arrival rate:



Literature (continued)
Asymptotic Regimes
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Heavy Traffic: 
Load system to max capacity


 Arrival rate  Service rate⟺ ≈

Kingman (1962); Harrison (1998); Williams 
(1998, 2000); Harrison and López (1999); 
Stolyar (2004); Gamarnik and Zeevi (2006); 
Eryilmaz and Srikant (2012); HL, Maguluri 
(2020, 2021); HL et.al. (2022)…

Large Deviations: 
(a.k.a. rare events)

lim
x→∞

P(wait > x)

Glynn and Whitt (1994); Puhalskii 
(1995); Duffield and O’Connell (1995); 
Dupuis and Ellis (1995); Ganesh 
(2004)…

Mean Field: 
(a.k.a. many servers)


# servers → ∞

Vvedenskaya et.al. (1996); 
Mitzenmacher (1996, 2001); Stolyar 
(2017); Ying (2017); Mukkerjee et.al. 
(2018)…

Many-Server Heavy-Traffic: 
# servers 


& Arrival rate  Service rate
→ ∞

≈

Banerjee et.al. (2019, 2020); Liu and Ying 
(2019); Braverman (2020); Varma et.al. 
(2022); HL, Maguluri (2022); Jhunjhunwala, 
HL, Maguluri (2023)…

Markov Modulated Queues
• Burman, Smith (1986): Markov/M/1 queue in light and 

heavy traffic. Approximation of mean.

• Prabhu, Zhu (1989): Busy period and mean workload in a 

Markov/Markov/1 queue

• Baccelli, Makowski (1991): Markov/G/1 queue analysis 

using Martingales

• Falin, Falin (1999): Markov/G/1 queue-length distribution in 

heavy traffic

• Mahabhashyam, Gautam (2005): Single-server queue with 

Markov-modulated service times

• …


• Maguluri, Mou (2024): Input-queued switch with Markov-
modulated arrivals

Constant arrival and service rates

 Single queue with finite-state Markov modulation↑

Our contribution:

✓Multiple queues and servers

✓Markov-modulated arrival and service rates, countable state space

✓Heavy-traffic analysis

Multiple queues, but constant service



JSQ Model

Markov chainZ(t) = i ∼

,     ρπ =
𝔼[λi | i ∼ π]

∑j 𝔼[μij | i ∼ π]
ϵ = 1 − ρπ

• Load balancing under Join-the-Shortest-Queue (JSQ)


• Exponential inter-arrival and service times


• Heterogeneous servers


• Arrival and service rate are Markov-Modulated

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qn
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Assumptions on  
• Countable state space

• Stationary distribution exists


•  and 

{Z(t)}t

λmax < ∞ μmax < ∞



Asymptotic Distribution of Queue Lengths

Markov chaini ∼

,    ρπ =
𝔼[λi | i ∼ π]

∑j 𝔼[μij | i ∼ π]
ϵ = 1 − ρπ

Theorem [HL, Grosof ’25]: 
If  is large enough for each , then as  
λi > 0 i ϵ ↓ 0

ϵq ⟹ Exp (Mean = 1 +
k*
μΣ )

 Variance of arrival 
and service times in 
steady state

≈

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qn
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Proof Sketch
Theorem [HL, Grosof ’25]: 

If  is large enough for each , then as   
 

λi > 0 i ϵ ↓ 0

ϵ q ⟹ Exp (Mean = 1 +
k*
μΣ )  Variance of arrival 

and service times in 
steady state

≈

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qni ∼ π

ϵ q ∼ ?
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λi Total service  
          rate in state 
μiΣ =

i

Total queue  
                length
qΣ =

Step 1: State Space Collapse (SSC)

, so study the following single-server queue:q ≈ ( qΣ

n ) 1

Step 2: Asymptotic distribution





We use:

• Transform Method

• Poisson Equation

ϵ qΣ ∼ ?



State Space Collapse (SSC)

q1 = q2
q⊥

q∥

q

Smaller ϵq1 = q2

q q∥

q⊥ q ≈ q∥

Proposition [HL, Grosof ’25]: 
projection of  on 





If  is large enough for each , for each 


q∥ := q 1
q⊥ := q − q∥

λi > 0 i m ∈ ℕ,
𝔼 [∥q⊥∥m] ≤ Mm

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qni ∼ π
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SSC
ϵ ↓ 0

λi ∑
j

μij
∑ qj

ϵ = 1 − ρπ

Proof: Drift analysis



State Space Collapse (SSC)



SSC
ϵ ↓ 0

λi ∑
j

μij
∑ qj

Proposition [HL, Grosof ’25]: 
projection of  on 





If  is large enough for each , for each 


q∥ := q 1
q⊥ := q − q∥

λi > 0 i m ∈ ℕ,
𝔼 [∥q⊥∥m] ≤ Mm

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qni ∼ π

What is  large enough? λi

λi > μiΣ − n min
j

μij

✓ For homogeneous 
servers,  is enough


✓ “Enough” depends on 
heterogeneity of servers


✓ Arrivals need to cover 
range of service rates


✓ JSQ only balances  with 
enough arrivals

λi > 0

qWhen does JSQ balance 
the queue lengths?
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ϵ = 1 − ρπ



Proof Sketch
Theorem [HL, Grosof ’25]: 

If  is large enough for each , then as   
 

λi > 0 i ϵ ↓ 0

ϵ q ⟹ Exp (Mean = 1 +
k*
μΣ )  Variance of arrival 

and service times in 
steady state

≈

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qni ∼ π

ϵ q ∼ ?
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λi Total service  
          rate in state 
μiΣ =

i

Total queue  
                length
qΣ =

Step 1: State Space Collapse (SSC)

, so study the following single-server queue:q ≈ ( qΣ

n ) 1

Step 2: Asymptotic distribution





We use:

• Transform Method

• Poisson Equation

ϵ qΣ ∼ ?



Heavy-Traffic Analysis in the Literature
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• Most popular 

• Introduced by Kingman (1962) 

• Show convergence in distribution 
of queue length scaled heavy-
traffic parameter 1 − ρ

ϵq(ϵ)(t) ϵq(ϵ)(∞)

q*

t → ∞

ϵ ↓ 0

t → ∞
q̃(t)
RBM

ϵ ↓ 0 Interchange 
of limits

Diffusion Limits Approach Direct Methods

• Stein’s method 
Bound Wasserstein distance between  and  

• Drift Method 
Inductively compute  for 


• BAR approach 
Analyze  and bound jumps appropriately 

• Transform Methods 
Analyze drift of  and directly compute  

ϵq(ϵ)(∞) q*

𝔼 [(ϵq)k] k ∈ ℕ

eϵq(∞)

eϵq(ϵ)(∞) 𝔼 [eϵq(ϵ)(∞)]
✓ Tractable analysis

✓ Compute distribution

✓ Obtain tail bounds



= 1{q=0}

Transform Method for  queueM/M/1

14

Step 1: Drift of exponential test function
φθ(q) = eθq, θ ∈ ℝ

= eθq (e−θ − 1) (μ − λeθ) − μ (e−θ − 1) eθq1{q=0}

Step 2: Set drift to zero

𝔼 [eθq] =
ℙ[q = 0]
1 − ρeθ

Step 3: Set θ = 0
ℙ[q = 0] = 1 − ρ

 𝔼 [eθq] =
1 − ρ

1 − ρeθ

⟺ q ∼ Geometric(1 − ρ)

Expo(λ) Expo(μ)

Load: ρ =
λ
μArrival Departure

   Δφθ(q) = λ(eθ(q+1) − eθq) + μ1{q>0}(eθ(q−1) − eθq) Drift: 
Δφθ(q) = 𝔼 [eθq(t+) − eθq q(t) = q]



Transform Method Markov-Mod JSQ
Step 1: Drift of exponential test function

φs(i, q) = e−sϵqΣ, s > 0




                                

Δφs(i, q) = (e−sϵ − 1) e−sϵqΣ(λi − μiΣesϵ)
−(e−sϵ − 1) e−sϵqΣ(∑

j

μij1{qj=0})
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SSC
ϵ ↓ 0

λi μiΣ
qΣ

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qn

i ∼ π

ϵ := 1 − ρπ

    (SSC)≈ ∑
j

μij e−sϵnqj1{qj=0}

= ∑
j

μij1{qj=0}



𝔼[∑
j

μij1{qj=0}] = μΣ ϵ

<latexit sha1_base64="KSHGoqp0PerKOmcNBHoGtevpgDc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvatq7f6yUud5HEU4gVM4Bw+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A62HjZg=</latexit>

}

Transform Method Markov-Mod JSQ
Step 1: Drift of exponential test function

φs(i, q) = e−sϵqΣ, s > 0 Not independent!

How to compute 𝔼[Δφs(i, q)]?

We use the Poisson 
equation!
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Δφs(i, q) ≈ (e−sϵ − 1) e−sϵqΣ(λi − μiΣ esϵ)
−(1 − esϵ)(∑

j

μij1{qj=0})



SSC
ϵ ↓ 0

λi μiΣ
qΣ

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qn

i ∼ π

ϵ := 1 − ρπ



Poisson Equation
Poisson equation: 
Let  be a CTMC with countable state space  and transition rates 

Consider a function  and let  . Then, there exists a 
function  such that 


{Z(t)}t 𝒵 αi,i′￼

f : 𝒵 → ℝ f = 𝔼[ f(Z)]
Vf : 𝒵 → ℝ

Vf(i) =
f(i) − f

αi⋅
+ ∑

i′￼≠i

αii′￼

αi⋅
Vf(i′￼)

Z(t) ∼
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⟺ ∑
i′￼≠i

αii′￼[Vf(i′￼) − Vf(i)] = f − f(i)

Drift of solution Vf(i)
<latexit sha1_base64="vqfT7ZNOt/87fiEAKM7lyGXwTnQ=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GnpMMqO3gBePUcwiyRB6Oj1Jk56F7h4hhPyBFw+KePWPvPk3dhZBRR8UPN6roqpekAquNMYfVm5ldW19I79Z2Nre2d0r7h80VZJJyho0EYlsB0QxwWPW0FwL1k4lI1EgWCsYXc781j2TiifxrR6nzI/IIOYhp0Qb6aY77RVL2MaVqlv2ELbL3kXFrRriethzysix8RwlWKLeK753+wnNIhZrKohSHQen2p8QqTkVbFroZoqlhI7IgHUMjUnElD+ZXzpFJ0bpozCRpmKN5ur3iQmJlBpHgemMiB6q395M/MvrZDo89yc8TjPNYrpYFGYC6QTN3kZ9LhnVYmwIoZKbWxEdEkmoNuEUTAhfn6L/SfPMdly7el0p1e6WceThCI7hFBzwoAZXUIcGUAjhAZ7g2RpZj9aL9bpozVnLmUP4AevtEyDqjds=</latexit>

}
Difference between 

average and f(i)

<latexit sha1_base64="vqfT7ZNOt/87fiEAKM7lyGXwTnQ=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GnpMMqO3gBePUcwiyRB6Oj1Jk56F7h4hhPyBFw+KePWPvPk3dhZBRR8UPN6roqpekAquNMYfVm5ldW19I79Z2Nre2d0r7h80VZJJyho0EYlsB0QxwWPW0FwL1k4lI1EgWCsYXc781j2TiifxrR6nzI/IIOYhp0Qb6aY77RVL2MaVqlv2ELbL3kXFrRriethzysix8RwlWKLeK753+wnNIhZrKohSHQen2p8QqTkVbFroZoqlhI7IgHUMjUnElD+ZXzpFJ0bpozCRpmKN5ur3iQmJlBpHgemMiB6q395M/MvrZDo89yc8TjPNYrpYFGYC6QTN3kZ9LhnVYmwIoZKbWxEdEkmoNuEUTAhfn6L/SfPMdly7el0p1e6WceThCI7hFBzwoAZXUIcGUAjhAZ7g2RpZj9aL9bpozVnLmUP4AevtEyDqjds=</latexit>

}



Poisson Equation for Transform Method

Theorem [HL, Grosof ’25]: 
For any function  such that  exists and  for some ,
f : 𝒵 → ℝ Vf(i) 𝔼 [ |Vf(i) |1+η ] ≤ C η > 0

Cov (e−sϵqΣ, f(i)) = 𝔼 [e−sϵqΣ f(i)] − 𝔼 [e−sϵqΣ] f = (e−sϵ − 1)𝔼[e−sϵqΣ Vf(i) (λi − μiΣ)] + O (ϵ2− 1
1 + η )

Poisson equation: 
Let  be a CTMC with countable state space  and transition rates 

Consider a function  and let  . Then, there exists a 
function  such that 


{Z(t)}t 𝒵 αi,i′￼

f : 𝒵 → ℝ f = 𝔼[ f(Z)]
Vf : 𝒵 → ℝ

Vf(i) =
f(i) − f

αi⋅
+ ∑

i′￼≠i

αii′￼

αi⋅
Vf(i′￼)

Z(t) ∼

✓Product of expectations Error term
18

Solution to 
Poisson equation



Transform Method Markov-Mod JSQ
Step 1: Drift of exponential test function

19




                       

Δφs(i, q) ≈ (e−sϵ − 1) e−sϵqΣ(λi − μiΣ esϵ)
−(1 − esϵ)(∑

j

μij1{qj=0})



SSC
ϵ ↓ 0

λi μiΣ
qΣ

1 μi,1

2 μi,2

n μi,n

…

JSQ

…λi

q1

q2

qn

i ∼ π

ϵ := 1 − ρπ

Step 2: Expectation under steady state

𝔼[e−sϵqΣ(esϵμiΣ − λi)] = esϵ 𝔼[∑
j

μij1{qj=0}] + O(ϵ2)

= μΣ ϵ
<latexit sha1_base64="KSHGoqp0PerKOmcNBHoGtevpgDc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvatq7f6yUud5HEU4gVM4Bw+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A62HjZg=</latexit>

}
Step 3: Our theorem!

<latexit sha1_base64="KSHGoqp0PerKOmcNBHoGtevpgDc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvatq7f6yUud5HEU4gVM4Bw+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A62HjZg=</latexit>

}



Applying the Poisson Equation
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Set drift to zero: 𝔼[e−sϵqΣ (esϵμiΣ − λi)] = esϵ μΣϵ + O(ϵ2)

Poisson equation theorem on lhs with    and  :f(i) = h(i) := μiΣ − λi f(i) = ℓ(i) := μiΣ

LHS = 𝔼[e−sϵqΣ](1 + s)ϵμΣ + (1 − e−sϵ) 𝔼[e−sϵqΣVh(i)(μiΣ − λi)] + O(ϵ2− 1
1 + η )

Poisson equation theorem on rhs with   :f(i) = k(i) := Vh(i)(μiΣ − λi)

𝔼[e−sϵ qΣVh(i)(μiΣ − λi)] = 𝔼[e−sϵqΣ] 𝔼[k(i)] + O(ϵ)

Then, put everything together.

= 𝔼[e−sϵqΣ(μiΣ − λi)] + sϵ𝔼[e−sϵqΣμiΣ] + O(ϵ2)

<latexit sha1_base64="8F+WmTsV+MsJZmj0rO+JH8s+4PA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPojfoM3/8bZJAdNLGgoqrrp7goSwbVx3W+nsLK6tr5R3Cxtbe/s7pX3D5o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN3kfusRleaxfDDjBP2IDiQPOaPGSvfdSa9ccavuFGSZeHNSgTnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPppRNyYpU+CWNlSxoyVX9PZDTSehwFtjOiZqgXvVz8z+ukJrz2My6T1KBks0VhKoiJSf426XOFzIixJZQpbm8lbEgVZcaGU7IheIsvL5PmWdW7rF7cnVdq6nMWRxGO4BhOwYMrqMEt1KEBDEJ4ghd4dUbOs/PmvM9aC848wkP4A+fjB+k8jmE=</latexit>

}



Key Takeaways

1 μi,1

2 μi,2

n μi,n
…

JSQ
…λi

q1

q2

qni ∼ π

ϵ q ∼ ?
Step 1: State Space Collapse

✓ Only need  large enough so JSQ balances 
queue lengths for all 


✓ Queue can be unstable for some 

λi
i

i

λi μiΣ
qΣ≈

Step 2: Asymptotic distribution

Transform Method:  
,  φs(i, q) = e−sϵqΣ 𝔼[Δφs(i, q)] = 0

+ Poisson Equation

Theorem [HL, Grosof ’25]: 

  


with    and    

𝔼 [e−sϵqΣ] =
1

1 + s (1+
𝔼[k(i)]

μΣ )
+ O (ϵ2− 1

1 + η )

k(i) = Vh(i)(μiΣ − λi) h(i) = μiΣ − λi
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Thanks! Questions?


